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Abstract—The robust and precise control of piezoelec-
tric stages is quite challenging due to the existence of
strong hysteresis nonlinearity. In this paper, the dynam-
ics of a piezoelectric stage is identified as a second-order
linear system preceded by an input hysteresis character-
ized by the Prandtl–Ishlinskii (PI) model. Then, a control
strategy based on the uncertainty and disturbance estima-
tor (UDE) is developed to mitigate the effect of hysteresis
nonlinearity and improve the performance of the position-
ing control of the piezoelectric stage, without the detailed
model of the hysteresis except the slope information of the
PI hysteresis asymptotes. Moreover, the stability analysis
of the closed-loop system with the UDE-based controller
is provided. Extensive experimental studies are carried out
on a Physik Instrumente P-753.31c piezoelectric stage to
demonstrate that the UDE-based controller can achieve
excellent performance in trajectory tracking and distur-
bance rejection, compared to the proportional–integral–
derivative (PID) controller and a disturbance-observer-
based controller.

Index Terms—Hysteresis, piezoelectric stage, Prandtl–
Ishlinskii (PI), uncertainty and disturbance estimator (UDE).

I. INTRODUCTION

P IEZOELECTRIC actuators are widely applied in both
industrial and academic research, e.g., in nanoposition-

ing, microrobotics, and active vibration control [1]–[5]. The
popularity of piezoelectric actuators can be attributed to their
inherent merits, including fast response, ultra-high resolution,
high output force, large bandwidth, zero backlash, and little
heat generation [6].

Despite the advantages of piezoelectric actuators, they gener-
ally exhibit strong hysteresis effects in their output response [7],
which might cause inaccuracies, oscillations, and even instabil-
ities in some closed-loop systems. Since the 1980s, it has been
found that the hysteresis nonlinearities in charge-driven piezo-
electric actuators are minimal [8], [9]. Therefore, the hysteresis
effect can be eliminated or reduced by using a charge-driven
approach or a capacitor-insertion method [10]. In [11] and [12],
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a new type of current and charge amplifier was proposed and
analyzed. Nevertheless, this unique property of piezoelectric
materials has not been widely used yet because it is difficult
to drive highly capacitive loads with available charge/current
amplifiers [13].

Compared to the charge control method, the voltage con-
trol method is more widely applied in practical piezo-actuated
systems. Generally, most existing voltage control strategies are
either model-based compensation or nonmodel-based compen-
sation. For the first category, a suitable hysteresis model is
needed for control design. Several phenomenological models
have been proposed and widely used for modeling the hystere-
sis of piezoelectric actuators, e.g., Preisach model [14], [15],
Prandtl–Ishlinskii (PI) model [7], [16]–[19], and Bouc-Wen
model [20], [21]. Also, a polynomial-based hysteresis model
was introduced in [22]. Typically, a corresponding inversion
of the hysteresis model needs to be constructed for the feed-
forward control to compensate the hysteresis. The challenges
with such approaches lie in the hysteresis modeling complexity
and parameter sensitivity. It has been found that the hysteretic
behaviors of piezoelectric materials might be varying with time,
temperature, or some other ambient conditions [23]. In addi-
tion, some of the hysteresis models (e.g., Preisach model)
are not analytically invertible, so only approximate inversions
can be obtained. Thus, such inversion-based feedforward con-
trollers are generally employed with other feedback controllers
to achieve precise positioning control. In [15], a hysteresis
compensator based on the inversion of Preisach model was
combined with a proportional–integral–derivative (PID) con-
troller to achieve robust control of a piezoelectric stage. For
the second category, a feedback controller is designed to han-
dle the uncertainty or disturbance introduced to the nominal
system by the hysteresis effect. Adaptive neural control was
developed in [24] and [25] for a class of nonlinear systems
with PI-type input hysteresis. In [26], by using adaptive sliding
mode control to online estimate the system parameters, position
control of a piezoelectric stage was achieved without identify-
ing or measuring the real values of the parameters of the stage.
H∞ robust feedback control combined with feedforward con-
trol based on system inversion was introduced [27] to achieve
high-speed precision output tracking of a piezoelectric stage. A
fuzzy decentralized control approach was proposed and applied
for trajectory tracking of a 2-D piezo-driven system in [28].

The objective of this paper is to mitigate the hysteresis effect
of the piezoelectric stage and achieve the desired tracking per-
formance without the detailed hysteresis model except the slope

0278-0046 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



CHEN et al.: UDE-BASED TRAJECTORY TRACKING CONTROL OF PIEZOELECTRIC STAGES 6451

information of the PI hysteresis asymptotes. However, unlike
those aforementioned robust but complex controllers, a more
simplified and robust alternative based on the uncertainty and
disturbance estimator (UDE) will be developed in this paper.
The UDE is constructed based on an assumption that any
engineering signal can be recovered via a filter with the appro-
priate bandwidth [29]. Recently, the UDE-based controller was
applied to a class of nonlinear nonaffine systems in [30], where
the uncertainty and disturbance were well estimated and com-
pensated. Motivated by [30], the extraordinary capability of the
UDE-based controller will be explored in this paper to miti-
gate the hysteresis effects and fulfill some trajectory tracking
tasks on a P-753.31c piezoelectric stage. Extensive experimen-
tal results using the PID controller and a disturbance-observer
(DOB)-based controller [31]–[33] are provided for comparison.

This paper is organized as follows. The preliminaries and
problem formulation are given in Section II. In Section III,
the UDE-based controller will be designed for piezoelectric
stages and the stability analysis of the closed-loop system will
be provided. Experimental results are discussed in Section IV.
Conclusion will be made in Section V.

II. PRELIMINARIES OF HYSTERESIS MODEL AND

PROBLEM FORMULATION

A. Introduction of PI Hysteresis Model

As one of the basic hysteresis operators of PI model, the play
operator Fr with threshold r can be defined for a given input
v(t) ∈ Cm[0, tE ] as [7]

Fr[v](0) = fr(v(0), 0)

Fr[v](t) = fr(v(t), Fr[v](ti))

fr(v, w) =

⎧⎪⎨
⎪⎩
max(v − r, w), for v > v(ti)

min(v + r, w), for v < v(ti)

w, for v = v(ti)

for ti < t ≤ ti+1 and 0 ≤ i ≤ N − 1 (1)

where 0 = t0 < t1 < · · · < tN = tE is partition of [0, tE ],
such that the function v is monotone on each of the subinter-
vals (ti, ti+1]. The argument of the operator is written in square
brackets to indicate the functional dependence, since it maps a
function to a function. Such a play operator defined as (1) is
shown in Fig. 1(a).

The PI hysteresis model H[v](t) is then introduced through
a weighted superposition of basic play operators Fr[v](t) as
follows [7]:

u(t) = H[v](t) =

∫ R

0

p(r)Fr[v](t)dr (2)

where u(t) is the hysteresis output, and p(r) is an integrable
density function, satisfying p(r) ≥ 0 with

∫∞
0

rp(r)dr < ∞,
and is expected to be identified from experimental data. When
the density function is p(r) = 0.12e−0.16r with r ∈ [0, 6] and
v(t) = 4.5 sin(0.75πt) + 3 sin(0.5πt), the plot of input v(t)
against output u(t) of the PI model (2) is shown as the black
solid line in Fig. 1(b).

Fig. 1. Illustration of PI hysteresis (2). (a) Play operator and (b) PI model
and its asymptotes when p(r) = 0.12e−0.16r with r ∈ [0, 6].

B. Asymptotes of PI Hysteresis Model

Fig. 1(b) shows that the PI hysteresis loop has a lower asymp-
tote u1 and an upper asymptote u2. Due to the shape of the play
operator in Fig. 1(a), the PI model (2) will converge to u1 (or
u2) if and only if all operators Fr[v](t) with different thresh-
olds r are following their right (or left) slopes. Also, because
of the symmetry of the play operator (1), these two asymptotes
u1 and u2 are parallel. Furthermore, the PI hysteresis loop only
exists within these two asymptotes. Thus, considering the line
u0 = kv passing through the origin and parallel to u1 and u2,
the PI model (2) can be rewritten as a linear term u0 plus an
unknown nonlinear term Δd, which will be used to facilitate
the control design later

u(t) = kv(t) + Δd(t) (3)

where Δd(t) = H[v](t)− kv(t).

C. Problem Formulation

The linear dynamics of a piezoelectric stage can be identified
as a second-order linear system as follows:

ÿ(t) + 2ζωnẏ(t) + ω2
ny(t) = ω2

nu(t) + d1(t) (4)

where y(t) is the system output (i.e., the stage displacement)
and u(t) is the excitation force generated by piezoelectric mate-
rial deformation when the input voltage v(t) is applied. Due
to the hysteresis effect in the piezoelectric stage, the relation-
ship between the excitation force u(t) and the input voltage
v(t) is usually nonlinear and hysteretic, which will be charac-
terized by the PI model (2) in this paper. d1(t) includes some
unknown bounded disturbance and uncertainties (e.g., creep
effect, parametric variability of input hysteresis, and system
dynamics modeling error).

Define x(t) = [ x1(t) x2(t) ]
T = [ y(t) ẏ(t) ]T as the state

vector, then (4) can be re-expressed as[
ẋ1(t)
ẋ2(t)

]
=

[
0 1

−ω2
n −2ζωn

] [
x1(t)
x2(t)

]

+

[
0
ω2
n

]
u(t) +

[
0

d1(t)

]
. (5)

Substituting the input hysteresis (2) into (5), the full dynamics
model of the piezoelectric stage can be obtained as

ẋ(t) = Ax(t) +BH[v](t) + d(t) (6)
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with A = [ 0 1; −ω2
n −2ζωn ] and B =

[
0 ω2

n

]T
, d(t) =[

0 d1(t)
]T

.
In order for the closed-loop system to meet the required

specifications, the following stable reference model (RM) in a
controllable canonical form can be chosen:

ẋm(t) = Amxm(t) +Bmc(t) (7)

where xm(t) = [ ym(t) ẏm(t) ]T is the reference state vector
and c(t) is a piecewise continuous and uniformly bounded com-
mand to this reference system with Am = [ 0 1; −am1 −am2 ]

and Bm =
[
0 bm

]T
. The control objective is to design the

input to the hysteresis unit or the control signal v(t) so that the

tracking error e(t) =
[
e1(t) e2(t)

]T
= xm(t)− x(t) asymp-

totically converges to zero with the desired error dynamics
governed by

ė(t) = (Am +K)e(t) (8)

where the error feedback gain matrix is in the form of K =
[ 0 0; −K21 −K22 ].

III. CONTROL DESIGN AND STABILITY ANALYSIS

A. UDE-Based Controller Design

The UDE-based controller will be designed in this section
for the tracking problem stated in Section II-C. To facilitate the
control design, the dynamics model of piezoelectric stage (6) is
reformulated as

ẋ(t) = Ax(t) +B·[kv(t) +H[v](t)− kv(t)] + d(t)

= Ax(t) +B · kv(t) + ud(v(t)) (9)

where k is the input gain from (3), the lumped vector
ud(v(t)) = [0 ud2(t)]

T includes the PI hysteresis H[v](t), the
control signal v(t) and the disturbance and uncertainties term
d(t), i.e.,

ud(v(t)) := B·[H[v](t)− kv(t)] + d(t). (10)

By combining (7)–(9), the control signal v(t) should satisfy

Bkv(t) = Amx(t) +Bmc(t)−Ax(t)− ud(v(t))−Ke(t).
(11)

According to the system dynamics (9), the lumped uncertainty
and disturbance term ud(v(t)) can be represented as

ud(v(t)) = ẋ(t)−Ax(t)−Bkv(t). (12)

This shows that the lumped term can be obtained from the
known dynamics of the piezoelectric stage and voltage input.
However, the direct use of this relation will cause algebraic
loops and the control law cannot be formulated. In [29], this
signal was estimated by a filter in the frequency domain. This
is achievable because a signal can be recovered by a filter of
which the bandwidth is wide enough to cover the spectrum of
that signal. According to the assumption in [29], if a stable filter
Gf (s) is strictly proper and has the unity gain and zero phase
shift over the spectrum of ud(v(t)) and zero gain elsewhere,

then ud(v(t)) can be accurately estimated as

ûd(v(t)) = ud(v(t)) ∗ gf (t)
= (ẋ(t)−Ax(t)−Bkv(t)) ∗ gf (t) (13)

where “∗” is the convolution operator and gf (t) is the impulse
response of Gf (s). This procedure is equivalent to amplifying
the signal ud(v(t)) by the gain 1 without shifting the phase for
the frequency components that fall into the bandwidth of the fil-
ter Gf (s), and at the same time, blocking anything outside the
bandwidth of the filter Gf (s), which is 0 anyway. Therefore, the
signal is well represented without adding or losing any informa-
tion. Replacing ud(v(t)) in (11) with ûd(v(t)) in (13) results
in

Bkv(t) = Amx(t) +Bmc(t)−Ax(t)−Ke(t)

−(ẋ(t)−Ax(t)−Bkv(t)) ∗ gf (t). (14)

By denoting Bkv(t) = φ(t), there is

φ(t) = (Amx(t) +Bmc(t)−Ke(t)) ∗ L−1

{
1

1−Gf (s)

}

−Ax(t)− x(t) ∗ L−1

{
sGf (s)

1−Gf (s)

}
(15)

where L−1{·} is the operator of inverse Laplace transform.
Noting that (6) and (7), (15) can be rewritten as[
0

ω2
n

]
kv(t) = φ(t)

= L−1

{
1

1−Gf (s)

}
∗
([

0 1

−am1 −am2

] [
y(t)

ẏ(t)

]

+

[
0

bm

]
c(t)−

[
0 0

−K21 −K22

] [
e1(t)

e2(t)

])

−
[

0 1

−ω2
n −2ζωn

] [
y(t)

ẏ(t)

]

−
[
y(t)

ẏ(t)

]
∗ L−1

{
sGf (s)

1−Gf (s)

}
(16)

it can be found that the first equation is always satisfied (zero
on both sides). That means the solution for the second equa-
tion [i.e., ω2

n · kv(t) = [
0 1

]
φ(t)], which is uniquely solved

as v(t) =
[
0 1/ω2

n

]
φ(t)/k, can be used as the controller to

fulfill the trajectory tracking task. Denoting the pseudo-inverse
of B as B+, which can be calculated as B+ = (BTB)−1BT =[
0 1/ω2

n

]
, the UDE-based controller for the piezoelectric

stage is then established as follows:

v(t) =
1

k
B+φ(t). (17)

B. Stability Analysis

The following lemma shows the boundedness of Δd in (3),
which will be used in the stability analysis of the UDE-based
controller.

Lemma 1. For the PI hysteresis (2), it can be reconstructed
as u(t) = kv(t) + Δd(t), where Δd(t) = H[v](t)− kv(t) is
always bounded if k =

∫ R

0
p(r)dr.
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Proof: According to (1), if v̇(t) > 0, i.e., v(t) >
v(ti), there is fr(v, w) = max(v − r, w) ≥ v − r. Therefore,
Fr[v](t) ≥ v(t)− r. Then, from (2)

u(t) =

∫ R

0

p(r)Fr[v](t)dr

≥
∫ R

0

p(r)(v(t)− r)dr

= v(t)

∫ R

0

p(r)dr −
∫ R

0

p(r)rdr.

The equality occurs only when Fr[v](t) = v(t)− r, and this
will be satisfied afterward until v̇(t) < 0. That is, for v̇(t) > 0,
the PI hysteresis will converge to the lower asymptote defined
as u1(t) := v(t)

∫ R

0
p(r)dr − ∫ R

0
p(r)rdr. Since the density

function satisfies p(r) ≥ 0 with
∫∞
0

rp(r)dr < ∞, there exists

a constant Δdmax =
∫ R

0
p(r)rdr. By letting k =

∫ R

0
p(r)dr,

the lower asymptote becomes u1(t) := kv(t)−Δdmax and

u(t)− kv(t) ≥ −Δdmax. (18)

Similarly, for v̇(t) < 0, i.e., v(t) < v(ti), there is Fr[v](t) ≤
v(t) + r, and thus

u(t) ≤ u2(t) := kv(t) +

∫ R

0

p(r)rdr.

Then, it can be obtained that

u(t)− kv(t) ≤ Δdmax. (19)

By combining (18) and (19) and defining Δd(t) = u(t)−
kv(t), there is

|Δd(t)| ≤ Δdmax.

This completes the proof. �
As an example for Lemma 1, the slope of the asymptotes for

the PI hysteresis shown in Fig. 1(b) can be calculated by k =∫ 6

0
0.12e−0.16rdr = 0.4628. Also, the bound of nonlinear term

Δd(t) is obtained as Δdmax =
∫ 6

0
r0.12e−0.16rdr = 1.1697.

Theorem 2. The closed-loop system consisting of the plant
(6) preceded by input hysteresis characterized by the PI model
(2), the RM (7), and the controller (17), is asymptotically stable,
if 1) the filter Gf (s) in (16) is strictly proper and stable with
Gf (0) = 1; 2) the disturbance d(t) is bounded; and 3) the input

gain k in (17) is chosen properly as k =
∫ R

0
p(r)dr, where p(r)

is the density function of PI hysteresis model (2).

Proof: By substituting the control law (17), which takes
into account the estimation of ud(v(t)) as in (13), into (9) and
taking the Laplace transform, there is

sX(s) = AX(s) + Ud(s) +BB+Φ(s). (20)

The Laplace transform of the reference system (7) is

sXm(s) = AmXm(s) +BmC(s). (21)

According to (12) and (14), the Laplace transform of φ(t)
becomes

Φ(s) = AmX(s) +BmC(s)−AX(s)−KE(s)

−Ud(s)Gf (s) (22)

where Ud(s) is the Laplace transform of ud(v(t)). Combining
(20)–(22) results in

sE(s) =sXm(s)− sX(s)

=(Am +K)E(s)− Ud(s)[1−Gf (s)]

+ (I −BB+)Φ(s).

Since BB+ = [0 0; 0 1] and the first element of φ(t) is 0, there
is (I −BB+)φ(t) = 0. Then, the actual error dynamics of the
closed-loop system is

E(s) = −[sI − (Am +K)]−1Ud(s)[1−Gf (s)]. (23)

According to Lemma 1, H[v](t)− kv(t) is bounded if k =∫ R

0
p(r)dr. Since d(t) is assumed to be bounded, ud(v(t)) =

B·[H[v]·(t)− kv(t)] + d(t) is also bounded, which means
lims→0 sUd(s) is bounded. Moreover, as aforementioned,
Gf (s) is strictly proper and stable with Gf (0) = 1 and
[sI − (Am +K)]−1 is stable by design, so the error dynam-
ics is stable. Therefore, by applying the final value theorem
to (23),

lim
t→∞ e(t) = lim

s→0
s · E(s)

= lim
s→0

−[sI − (Am +K)]−1 · sUd(s) · [1−Gf (s)]

= 0

which means that x(t) asymptotically track the reference states
xm(t). This completes the proof. �

IV. EXPERIMENTAL VALIDATION

A. Experimental Setup

To validate the effectiveness of the proposed UDE-based
controller, a set of experiments have been conducted on a
Physik Instrumente P-753.31c piezoelectric nanopositioning
stage with high resolution capacitive position sensor (see
Fig. 2). In this setup, a host computer sends the control
signal v(t) through dSPACE-DS1104 to E-505.00 linear volt-
age amplifier with a fixed gain of 10, and finally actuates
the P-753.31c piezoelectric stage of which the maximum
displacement is 38 µm from its static equilibrium point.
The displacement of the piezoelectric stage is obtained by
E-509.C1A sensor monitor from an integrated capacitive
sensor (sensitivity = 3.8µm/V; resolution = 0.2 nm). The
detailed specification of the piezoelectric nanopositioning sys-
tem is listed in Table I. The output voltage of E-509.C1A is
then sampled by dSPACE-DS1104 at a sampling frequency
of 20 kHz.
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Fig. 2. Experimental setup of Physik Instrumente P-753.31c piezoelec-
tric nanopositioning system.

TABLE I
PARAMETERS OF THE PIEZOELECTRIC NANOPOSITIONING SYSTEM

USED IN EXPERIMENTS

a Cited from http://www.pi.ws

B. System Identification

1) Hysteresis Modeling: Instead of having the input gain
k =

∫ R

0
p(r)dr to ensure the asymptotic stability of the closed-

loop system as shown in Theorem 2, it will be shown in the
experimental results that k can be obtained from the obser-
vation of the measured hysteresis loop. Therefore, in order to
verify 1) the existence of the PI hysteresis in the P-753.31c
piezoelectric stage and 2) the accuracy of the estimated slope
of hysteresis asymptotes, the hysteresis model of the P-753.31c
piezoelectric stage is identified. To this end, an input signal to
the piezoelectric stage is set to be a triangular signal with the
frequency 1Hz and the magnitude 6V as shown in Fig. 3(a). In
this paper, the form of the density function p(r) in the PI model
(2) is specified as

p(ri) = ρe−λri

and the threshold values ri are directly given by

ri =
i

j
||v(t)||∞, i = 0, 1, 2, . . . , j − 1.

Since ||v(t)||∞ = max{|v(t)|} = 6, we can have ri = 0.1i,
i = 0, 1, 2, . . . , j − 1 by setting j = 60. The identification
of hysteresis models is quite challenging, but it is not
the focus of this paper. Interested readers can refer to the
least square method [34] and particle swarm optimization
[35]. By using the least square method, the density func-
tion is identified as p(ri) = 9.0616e−2.2273ri . The compar-
ison between the identified PI model and the experimen-
tal data of the piezoelectric stage is presented in Fig. 3(b).
The slope of the asymptotes can be then calculated as
k = 4.5383.

Fig. 3. Hysteresis modeling result. (a) Hysteresis input v(t).
(b) Hysteresis loop.

2) System Modeling: To identify the linear part of the
system model of the piezoelectric stage

Y (s)

U(s)
=

ω2
n

s2 + 2ζωns+ ω2
n

the excitation force u(t) is obtained by H[v](t). By collecting
and analyzing the step response of the piezoelectric system, the
overshoot percentage and peak time are found as Mp = 1.54%,
and tp = 0.0065 s, respectively. Then, the natural frequency
and damping ratio are calculated as ωn = 804.0072 rad/s and
ζ = 0.7991. Thus, the system dynamics of the P-753.31c piezo-
electric stage is identified as

ẋ(t) =

[
0 1

−646430 −1285

]
x(t) +

[
0

646430

]
u(t) (24)

where u(t) = H[v](t) is the PI hysteresis output fed by the
control signal v(t).

C. Control Design

As noted in Theorem 2, the filter Gf (s) should be strictly
proper and stable with Gf (0) = 1 to achieve the asymptotic
stability of the closed-loop system. The following first-order
low-pass filter is considered in practice:

Gf (s) =
1

1 + τs
(25)

with the time constant τ . For nonstep reference signals, the
UDE-based controller with such a filter would lead to a nonzero
but small estimation error ũd(v(t)) = ud(v(t)) ∗ [1− gf (t)]
and thus degraded performance. However, the performance
could still be excellent when a small enough τ is chosen so that
the bandwidth of the filter (25) is wide enough to cover most
spectrum of ud(v(t)). The impact of different choices of τ on
the tracking performance will be investigated later.

Using such a filter (25), the UDE-based controller from (17)
can be further derived as

v(t) =
1

kω2
n

[ (−am1y(t)− am2ẏ(t) + bmc(t) +K21e1(t)

+K22e2(t) + ω2
ny(t) + 2ζωnẏ(t))− 1

τ
ẏ(t)

+
1

τ

∫ t

0

(−am1y(ξ)− am2ẏ(ξ) + bmc(ξ)

+K21e1(ξ) +K22e2(ξ))dξ ] . (26)
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Fig. 4. Impact of different filter constants τ with τ1 = 0.03 s, τ2 =
0.003 s, and τ3 = 0.0003 s with Am +K = [ 0 1; −14002 −336 ] and
k = 26/6. (a) Position y(t). (b) Tracking error e1(t).

D. Guidelines for Selecting Control Parameters

In this section, the guidelines for selecting parameters in the
UDE-based controller (26) will be discussed. In order to have
the bandwidth of the closed-loop system higher than 100Hz,
which is generally required in industrial applications [36], the
RM is chosen as

ẋm(t) =

[
0 1

−60002 −12000

]
xm(t) +

[
0

60002

]
c(t) (27)

with the input signal c(t) set to be c(t) = 3.8 + 3.8 sin(2πft−
π/2) (µm). The initial states of the system are set to be x(0) =
[ 0 0 ]T .

1) Effect of Input Gain k: Theoretically, according to
Lemma 1, when input gain k is chosen as the slope of asymp-
totes of PI model (2), i.e., k =

∫ R

0
p(r)dr, Δd(t) = H[v](t)−

kv(t) is bounded by Δdmax =
∫ R

0
p(r)rdr, which guaran-

tees the stability of the closed-loop system as mentioned in
Theorem 2. In practice, instead of identifying the density func-
tion p(r) and using k =

∫ R

0
p(r)dr, k can be approximated

by the ratio of the output range and the corresponding input
range directly from the hysteresis loop. Therefore, the detailed
hysteresis model is not needed for the implementation of the
UDE-based controller. From Fig. 3, it can be found that the ratio
of the output range and the input range is about 26/6, which is
very close to the slope of the asymptotes calculated from the
identified density function, i.e., k = 4.5383. Thus, k = 26/6 is
adopted in the following cases.

2) Effect of Filter Time Constant τ : With k = 26/6 and
Am +K = [ 0 1; −14002 −336 ], three time constants τ1 =
0.03 s, τ2 = 0.003 s, and τ3 = 0.0003 s are tested with the
results shown in Fig. 4. As aforementioned, better tracking per-
formance should be achieved by using smaller value of τ , which
can be verified from Fig. 4 that the case with τ3 = 0.0003 s
achieves best performance among these three cases. In [37],
some guidance of the filter design was provided by revealing
the two-degree-of-freedom nature of the UDE-based controller.
In practice, due to the limitations of sampling time, τ cannot
be chosen too small. Also, the filter with too wide bandwidth,
for τ being too small, will introduce sensor noise with high
frequency, and thus might degrade the performance of the UDE-
based controller. Therefore, how to choose τ depends on the
specific application including the hardware capability and the
performance requirements.

Fig. 5. Impact of different error feedback gains K such that
Am +K1 = [ 0 1; −4002 −96 ], Am +K2 = [ 0 1; −14002 −336 ]

and Am +K3 = [ 0 1; −24002 −576 ] with k = 26/6 and τ =
0.0003 s. (a) Position y(t). (b) Tracking error e1(t).

Fig. 6. Asymptotic tracking of a step signal. (a) Zoomed-in position y(t).
(b) Zoomed-in tracking error e1(t).

3) Effect of Error Feedback Gain K: Using k = 26/6
and τ = 0.0003 s, three error feedback gains K1, K2, and K3

are chosen such that Am +K1 = [ 0 1; −4002 −96 ],
Am +K2 = [ 0 1; −14002 −336 ], and Am +K3 =
[ 0 1; −24002 −576 ], for which the results are shown in
Fig. 5. It can be found that the tracking error is relatively small
for Am +K3 = [ 0 1; −24002 −576 ]. This is because the
real part of the eigenvalues of Am +K will determine the rate
of convergence of the tracking error. Since the real parts of
eigenvalues for Am +K1, Am +K2, and Am +K3 are −48,
−168, and −288, respectively, it can be easily concluded that
Am +K3 should have the faster rate of convergence of the
tracking error, and it will have relatively smaller tracking error
in practice.

E. Tracking Performance with Different Trajectories

Enlightened by Section IV-D, k = 26/6 and Am +K =
[0 1;−24002 − 576], τ = 0.0003 s will be used for the UDE-
based controller.

1) Tracking of a Step Signal: According to Theorem 2,
the asymptotic stability of the closed-loop system can be
achieved when Gf (s) is strictly proper and stable with Gf (0) =
1. The filter Gf (s) given in (25) satisfies this condition. To
demonstrate the asymptotic stability of the UDE-based con-
troller, the reference input c(t) is set as a step signal with
magnitude 1µm starting at t = 0.5 s. The tracking results are
shown in Fig. 6. It can be seen that the output of the closed-
loop system can indeed asymptotically track the step signal and
the settling time is about 5ms.

2) Tracking of Sinusoidal Signals with Different
Frequencies: The experimental results when the frequency
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Fig. 7. 1-Hz sinusoidal trajectory tracking performance of a piezoelectric stage using the UDE-based controller. (a) Position y(t). (b) Tracking error
e1(t). (c) Control signal v(t). (d) Uncertainty ud2(t) and its estimation ûd2(t).

Fig. 8. 10-Hz sinusoidal trajectory tracking performance of a piezoelectric stage using the UDE-based controller. (a) Position y(t). (b) Tracking error
e1(t). (c) Control signal v(t). (d) Uncertainty ud2(t) and its estimation ûd2(t).

Fig. 9. 100-Hz sinusoidal trajectory tracking performance of a piezoelectric stage using the UDE-based controller. (a) Position y(t). (b) Tracking
error e1(t). (c) Control signal v(t). (d) Uncertainty ud2(t) and its estimation ûd2(t).

Fig. 10. 1-Hz sinusoidal trajectory tracking performance of a piezoelectric stage with input disturbance using the UDE-based controller. (a) Position
y(t). (b) Tracking error e1(t). (c) Control output signal vc(t) and input disturbance vd(t). (d) Uncertainty ud2(t) and its estimation ûd2(t).

f of the input signal c(t) in the reference system (27) is set
as 1, 10, and 100Hz are shown in Figs. 7–9, respectively. It
can be seen that each of the tracking tasks is well achieved by
the UDE-based controller and the tracking errors are all rel-
atively small. For f = 100Hz, there exist oscillations during
the transient state, which only lasts for about two periods, i.e.,
20ms, then the closed-loop system stays stable and its output
well tracks the desired trajectory. Moreover, from Figs. 7(d),
8(d), and 9(d), it can be seen that UDE well estimates the

uncertainty and disturbance lumped term ud2(t) as ûd2(t),
which guarantees the performance of the UDE-based controller.

3) With an Additive Input Disturbance: In this part, a
disturbance vd = 1V is directly added to the control input
between tbegin = 1.4 s and tend = 1.6 s as shown in Fig. 10(c).
The system input is calculated as v = vc + vd with vc as
the control output obtained by the UDE-based controller, and
the reference input is set to be c(t) = 3.8 + 3.8 sin(2πt−
π/2) (µm). The results are shown in Fig. 10. It can be seen
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that there exist oscillations near tbegin and tend as observed
from Fig. 10(b), which only lasts for less than 10ms. This well
demonstrates the robustness of the UDE-based controller. From
Fig. 10(d), it can be found that the uncertainty and disturbance
ud2 is changed due to the add-in disturbance vd. However, this
change is captured and compensated by the proposed UDE-
based controller, which results in the change in vc shown in
Fig. 10(c). This ensures the effectiveness and robustness of the
UDE-based controller.

F. Comparison With Other Controllers

In this section, two other well-tuned controllers, namely the
PID controller and a DOB-based controller, will be considered
with extensive experimental results presented for the purpose
of comparison. For the PID controller, the parameters are tuned
as Kp1 = 0.2381, Ki1 = 238.08, and Kd1 = 5.9520× 10−5.
The derivative of the trajectory signal, i.e., the speed signal ẏ,
is used to obtain ė1 because ẏm is available from the RM. The
DOB-based controller takes the one proposed in [33] with the
following second-order Butterworth filter:

Q(s) =
1

(τQs)2 +
√
2τQs+ 1

with τQ = 1/1000 s. P−1
N is constructed based on the iden-

tified system (24) and KN is chosen in the same way as k,
i.e., KN = 26/6. A PID controller is introduced for C(s) with
the parameters carefully tuned as Kp2 = 1.3, Ki2 = 830, and
Kd2 = 0.

It should be noted that both UDE- and DOB-based con-
trollers adopt filters, which satisfy Gf (0) = 1 and Q(0) = 1,
respectively. However, these filters play different roles. In the
UDE-based controller, the adoption of Gf (s) is to approximate
a signal based on an assumption mentioned in [29], while the
purpose of adding a filter Q(s) in DOB is to make Q(s)P−1

N

proper and implementable. Therefore, Gf (s) in UDE can gen-
erally be any proper filter with an arbitrary positive relative
degree, while Q(s) in DOB must have at least the same relative
degree as PN . This explains why, in this case, a second-order
or even higher order filter is needed for Q(s) while even a
first-order filter can be used for Gf (s).

1) Tracking Errors for Sinusoidal Signals With Different
Frequencies: For sinusoidal signals with frequencies 1, 10,
50, and 100Hz, Table II summarizes the steady-state track-
ing errors in terms of root-mean-squared error Erms, maximum
absolute error Em, and relative maximum absolute error Erm of
the UDE-based, the DOB-based, and the PID controllers. These
are calculated as follows:

Erms =

√√√√ 1

N

N∑
n=1

(ym(tn)− y(tn))2

Em = max
n∈[1,N ]

|ym(tn)− y(tn)|

Erm =
Em

maxn∈[1,N ] |ym(tn)| × 100%

where N is the total number of data collected, ym(tn) and
y(tn) are the desired output and the system output at t = tn,

TABLE II
ERRORS IN DIFFERENT TRAJECTORY TRACKING TASKS BY USING

DIFFERENT CONTROLLERS

Fig. 11. Tracking error obtained from the UDE-based controller, the PID
controller, and the DOB-based controller for a 100-Hz sinusoidal signal.

respectively. Note that the values in Table II are calculated
with data points in the steady state within three periods, i.e.,
tN − t1 = 3/f s. From Table II, it can be concluded that the
performance of the UDE-based controller is much better than
the other two controllers. For example, when f = 1Hz, in term
of Erms, the UDE-based controller achieves less than 1/4 of the
DOB-based controller, and less than 1/17 of the PID controller.
In terms of Em or Erm, the UDE-based controller achieves
about 2/5 of the DOB-based controller and 1/10 of the PID con-
troller. Similar conclusions can be drawn from the cases with
f = 10, 50, or 100Hz that the UDE-based controller achieves
much smaller tracking errors compared to the PID and DOB-
based controllers in terms of Erms, Em, and Erm. In order to
demonstrate this more clearly, the tracking errors from the three
controllers for f = 100Hz are shown in Fig. 11. Indeed, the
tracking error of the UDE-based controller is much smaller than
those of the other two controllers.

2) Bandwidth of the Open-Loop System and the
Closed-Loop System: To further show the effectiveness
and robustness of the UDE-based controller, the frequency
responses of the open-loop system and the closed-loop systems
using the UDE-based controller and the DOB-based controller
are tested and shown in Fig. 12. It is observed that the band-
width of the open-loop system (i.e., the first time that the
magnitude drops 3 dB) is about 100Hz, and the behavior of
the open-loop system is quite different from that of the RM.
For the closed-loop system with the UDE-based controller, it
can track the reference signal well up to 450Hz, which is much
broader than the desired bandwidth 100Hz mentioned in [36],
while the closed-loop system with the DOB-based controller
can only track the reference signal up to 200Hz. It is worth not-
ing that, in the frequency response of the closed-loop systems,
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Fig. 12. Bode plots of the open-loop system, the closed-loop systems,
and the RM.

there is an additional resonant peak at around 700 and 400Hz,
respectively, which is introduced by the controller, in addition
to the resonant peak at around 3 kHz from the open-loop system
as can be seen from Fig. 12 and Table I. However, the addi-
tional resonant peak in either case is not a problem because the
resonant frequency is much higher than the desired bandwidth
100Hz required in industry.

V. CONCLUSION

In this paper, the dynamics model of the piezoelectric stage
has been identified as a second-order linear system preceded by
the hysteresis characterized by the PI model. The UDE-based
controller has been developed and applied to the piezoelectric
stage positioning control with guidelines given for tuning the
control parameters. It has been theoretically and experimen-
tally shown that the hysteresis nonlinearity and other unknown
bounded uncertainties, e.g., creep, modeling error, and exter-
nal unknown input disturbance, in P-753.31c piezoelectric stage
can be well compensated by the UDE-based controller and
the overall closed-loop system can achieve asymptotic stability.
Compared to the PID controller and the DOB-based controller,
the UDE-based controller has achieved much better tracking
performance. Also, the closed-loop system with the UDE-based
controller can track the reference signal well in a broader fre-
quency range compared to that with the DOB-based controller.
The effectiveness and robustness of the UDE-based controller
has been well verified and demonstrated.
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